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Amulti-cell homogenization procedure with four geometrically different groups of cell elements (respec-
tively for the bulk, the boundary surface, the edge lines and the corner points of a body) is envisioned,
which is able not only to extract the effective constitutive properties of a material, but also to assess
the ‘‘surface effects’’ produced by the boundary surface on the near bulk material. Applied to an
unbounded material in combination with the thermodynamics energy balance principles, this procedure
leads to an equivalent continuum constitutively characterized by (ordinary, double and triple) general-
ized stresses and momenta. Also, applying this procedure to a (ﬁnite) body suitably modelled as a simple
material cell system, in association with the principle of the virtual power (PVP) for quasi-static actions,
an equivalent structural system is derived, featured by a (macro-scale) PVP having the typical format as
for a second strain gradient material model. Due to the surface effects, the latter model does work as a
combination of two subsystems, i.e. the bulk material behaving as a Cauchy continuum, and the boundary
surface operating as a membrane-like boundary layer, each subsystem being in (local and global) equi-
librium by its own. Further, the applied (ordinary) boundary traction splits into two (response-depen-
dent) parts, i.e. the ‘‘Cauchy traction’’ transmitted to the bulk material and the ‘‘Gurtin–Murdoch
traction’’ acting, together with all other boundary tractions, upon the boundary layer. The role of the
boundary layer as a two-dimensional manifold enclosing a Cauchy continuum is elucidated, also with
the aid of a discrete model. A strain gradient elasticity theory is proposed which includes a minimum
total potential energy principle featuring the relevant boundary-value problem for quasi-static loads
and its (unique) solution. A simple application is presented. Two appendices are included, one reports
the proof of the global equilibrium of the boundary layer, the other is concerned with double and triple
stresses. The paper is complemented by a companion Part II one on dynamics. Previous ﬁndings by the
author [Polizzotto, C., 2012. A gradient elasticity theory for second-grade materials and higher order iner-
tia. Int. J. Solids Struct. 49, 2121–2137] are improved and extended.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Strain gradient elasticity theories emerged in the literature,
together with the analogous nonlocal theories, as analytical means
capable to account for long range interaction forces within
materials microstructure, and to capture experimentally detected
phenomena (as length scale effects, wave dispersion, strain locali-
zation, etc.) which would be ignored by a classical theory, see e.g.
Kröner (1967), Krumhansl (1968), Mindlin (1964, 1965) and
Mindlin and Eshel (1968). Strain gradient theories do not consider
independent rotations of the material particles, hence they are
nonpolar in nature and couple stresses may there appear only in
a ‘‘constrained’’ form (i.e. resulting from the rotation gradient of
the continuum). Within this framework, of particular interest isthe landmark paper by Mindlin (1965), who formulated a second
strain gradient elasticity theory for statics, as well as for dynamics
(Mindlin, 1964; Mindlin and Eshel, 1968). In spite of the excessive
number of material constants therein required, this theory remains
a prototype one for its conceptual foundations and its capability to
capture length scale effects. Toupin et al. (1963), by a study on
mono- and di-atomic lattice models, pointed out the ability of a
second strain gradient theory to interpret the atomic structure of
the matter.
Subsequently, Aifantis and co-workers proposed an isotropic
elasticity theory based on the ﬁrst strain gradient which required
only three material constants (i.e. the two classical Lamé constants
and a length scale parameter), see Aifantis (1992), Altan and
Aifantis (1992) and Ru and Aifantis (1993). This theory was then
extended to dynamics with higher order inertia (Askes and
Aifantis, 2006, 2011) for which only one additional length scale
parameter is required. This elasticity model (here referred to as
3750 C. Polizzotto / International Journal of Solids and Structures 50 (2013) 3749–3765the Aifantis model) has been employed to address a variety of
structural problems showing that no strain singularities arise at
crack tips and dislocation cores, and that dispersion effects in wave
propagation can be captured (see the review paper by Askes and
Aifantis, 2011). However, as shown by Lazar and Maugin (2005),
singularities of the double stress cannot be removed with the men-
tioned Aifantis model.
An extension of the above ﬁrst strain gradient theory to a sec-
ond strain gradient one (featured by four material constants, i.e.
the two Lamé constants and two length scale parameters) was ad-
vanced by Polizzotto (2003). A similar theory, called strain gradient
theory of bi-Helmholtz type, was independently elaborated by La-
zar et al. (2006) and applied to a series of dislocation problems
within an inﬁnite domain with the outstanding result that no sin-
gularities of any kind arise at the dislocation core and that there-
fore this material model possesses high regularization capacities.
This outcome was largely conﬁrmed by a number of applications
to defect interaction problems (Zhang et al., 2006), dislocation
analysis (Lazar and Maugin, 2006; Lazar, 2013) and disclination
analysis (Deng et al., 2007). However, no attention has been paid
to the boundary conditions and the surface effects that typically
characterize the latter strain gradient models.
The role of the velocity gradient and of the inherent higher or-
der inertia terms in the motion equations has been addressed in a
series of studies dealing with the wave motion and the related dis-
persion phenomena. This topic has been covered extensively in the
literature, but here we limit ourselves to mention Altan and Aifan-
tis (1997), Georgiadis et al. (2000), Askes et al. (2002), Askes et al.
(2007), Metrikine and Askes (2002), Askes and Aifantis (2006,
2009) and Papargyri-Beskou et al. (2009), see also the review paper
by Askes and Aifantis (2011) and the literature therein. It emerges
from the latter literature that the higher order inertia models are
able to describe realistically wave dispersion phenomena. Metriki-
ne and Askes (2002) and Askes and Aifantis (2006, 2009) advanced
the concept of ‘‘dynamically consistent’’ gradient model, namely a
model endowed with gradient enhancements in both its stiffness
and inertia characteristics, which makes it able to remove singular-
ities of the strain ﬁeld arising e.g. in the vicinity of a sharp crack tip,
and to realistically describe the dispersive characteristics of the
wave propagation in a nonhomogeneous medium. However, the
higher order inertia terms appearing in the governing equations
were introduced heuristically in these studies, and their relation-
ship to the kinetic energy is left unclariﬁed. Lazar and Anastassia-
dis (2007) and Agiasoﬁtou and Lazar (2009) provided a useful
insight on the conservation and balance laws for gradient elastody-
namics. For an overview on the historical developments of gradient
elasticity and higher order inertia with related applications see
Askes and Aifantis (2011).
Fried and Gurtin (2006) addressed a ﬁrst strain gradient theory
combined with ﬁrst velocity gradient inertia and cast it within a
general isotropic visco-elasticity theory based on thermodynamics
principles. An analogous elasticity theory was presented by Polizz-
otto (2012) with some new ﬁndings on surface effects, whereby
the boundary surface works as a membrane-like boundary layer.
This is in global and local equilibrium by its own and encloses a
bulk material working as a classical Cauchy continuum, to which
some part of the boundary traction is directly transmitted; addi-
tionally, besides the inertia body forces distributed in the bulk vol-
ume, inertia surface forces arise within the boundary layer.
The purpose of the present study is to extend the ﬁndings by
Polizzotto (2012) to second strain gradient elasticity with second
velocity gradient inertia. In contrast to the previous study (and to
that of Mindlin, 1965 as well) – where a strain gradient model
was considered from the beginning as a primitive object – here in-
stead the start will be taken from a material model conceived as a
distribution of cell elements of simple material, in a fashion quitesimilar to Mindlin (1964) and Germain (1973). We shall use a
(nonstandard) multi-cell homogenization procedure with four geo-
metrically different types of cell elements, respectively for the
bulk, the boundary surface, the edge lines and the corner points.
The use of such different types of cell elements in the homogeniza-
tion process makes it possible to macroscopically take into account
the ‘‘surface effects’’, that is, the effects occurring in the presence of
a boundary surface due to the different ways in which in a real
material the microstructure may operate at qualitatively different
locations, either within the bulk sufﬁciently far from the boundary
surface, or very close to the latter, or in particular to a surface sin-
gularity like an edge line or a corner point.
Through such homogenization procedures and with the aid of
thermodynamics arguments, the considered cell system is
transformed into an equivalent structural system formed up by a
continuum enclosed within a boundary layer. This equivalent
structural system happens to exhibit the typical features of a sec-
ond strain gradient elasticity model with second velocity gradient
inertia. Its study leads to results that generalize and improve those
previously derived by the author (Polizzotto, 2012) for ﬁrst strain
gradient elasticity models with ﬁrst velocity gradient inertia.
The usefulness of second strain gradient models has been abun-
dantly assessed in the literature (quoted previously), but it is not so
for second velocity gradient inertia models, to the author’s knowl-
edge. However, second velocity gradients, which here arise in a
natural way from the adopted Taylor expansion techniques, do
have effects on the structural behavior which are worthy of study
by their own. We believe that the latter models may improve the
assessed capacity of ﬁrst velocity gradient models in describing
realistically dispersion phenomena.
For space reasons, the subject is treated in two distinct parts, i.e.
Part I devoted to the constitutive equations (for both elasticity and
inertia) and the quasi-static behavior, Part II devoted to the
dynamic behavior. The outline of the present Part I paper is as fol-
lows. In Section 2, by a homogenization procedure applied to an
unbounded material modelled as a continuous distribution of cell
elements, the constitutive forms of the internal energy and of the
kinetic energy for the equivalent continuum are derived together
with the constitutive equations of the related sets of generalized
stresses and momenta. A particular choice of the internal energy
and of the kinetic energy leads to an isotropic material model (here
called extended Aifantis model) featured by, besides the two Lamé
constants, four length scale parameters (two for statics and two for
inertia).
In Section 3, a multi-cell homogenization procedure is advanced
whereby four geometrically different groups of cell elements are
used, respectively for the bulk volume, the boundary surface, the
edge line and the corner points of a body. With the latter proce-
dure, applied to a (ﬁnite) body mechanically described through
the principle of the virtual power (PVP) for quasi-static actions,
the body is transformed into a (macro-scale) equivalent structural
system, which happens to exhibit the characteristics of a second
strain gradient material model, associated to a (macro-scale) PVP
with a form as known from the literature (Mindlin, 1965; Germain,
1973; Gurtin, 2001).
In Section 4 a few explanations are given in regard to the content
and the invariance requisite of the (macro-scale) PVP enforced for
the previously derived second strain gradient material. In Section 5,
by the latter PVP the equilibrium equations relating the generalized
stresses to the external (quasi-static) forces are derived, which are
suitably re-interpreted in Section 6. Like in the case of ﬁrst strain
gradient (Polizzotto, 2012), it is found that-also within a second
strain gradient model – the bulk material behaves as a classical
Cauchy continuum under a total (Cauchy) stress T ¼ fTijg (depend-
ing on the generalized stresses), and that the boundary surface be-
haves as a membrane-like boundary layer endowedwith amultiple
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as t ¼ tC þ tGM, where tC :¼ n  T is the Cauchy traction, which is
transmitted to the bulk material, whereas tGM (here called Gur-
tin–Murdoch traction) is supported by the boundary layer. The lat-
ter layer ﬁnds itself in global and local equilibrium under this
Gurtin–Murdoch traction, as well as under all other boundary
external actions including the surface higher order tractions
(tð1Þ; tð2Þ); the edge line tractions (f; fð1Þ); and the corner point forces
Fc; ðc ¼ 1;2; . . . ;NÞ. Local (two-dimensional) equilibrium equa-
tions must be satisﬁed at every point of the boundary layer, the lat-
ter being subjected to the surface stresses R ¼ fRijg and
Rð1Þ ¼ fRð1Þij g (also depending on the generalized stresses), accord-
ing to the principles of surface mechanics (Gurtin and Murdoch,
1975, 1978). The surface tractions n  R and n  Rð1Þ describe themu-
tual interactions between the surface microstructures. A discrete
model of the boundary layer enables one to ascertain the micro-
scale mechanisms through which it does operate as a two-dimen-
sional manifold substituting the classical purely geometrical con-
cept of boundary surface. Similar concepts are also found to hold
for the edge line behaving as a rod.
In Section 7 the obtained results are particularized for a ﬁrst
strain gradient material. In Section 8 a total potential energy
principle is shown to characterize the relevant boundary-value
problem for quasi-static loadings. Section 9 is devoted to a
simple application to a bar under end tractions exhibiting the
Toupin–Gazis puckering effect (Toupin et al., 1963). Conclusions
are drawn in Section 10. The paper is ended by two appendices.
Appendix A reports the proof of the global equilibrium condi-
tions of the boundary layer. Appendix B is devoted to some
questions regarding higher order strains, double and triple
stresses.
Notation. A compact notation is used, with boldface letters
denoting vectors or tensors of any order. The scalar product
between vectors or tensors is denoted with as many dots as the
number of contracted index pairs. For instance, denoting by
u ¼ fuig; v ¼ fv ig, e ¼ feijg; r ¼ frijg; s ¼ fsijkg and A ¼ fAijkhg
some vectors and tensors, one can write: u  v ¼ uiv i, r : e ¼ rijeij,
A : e ¼ fAijkhekhg, A..
.
s ¼ fAijkhsjkhg, AT ..
.
s ¼ fAijkhskjig. The summation
rule for repeated indices holds and the subscripts denote compo-
nents with respect to an orthogonal Cartesian co-ordinate system,
say x ¼ ðx1; x2; x3Þ. The tensor product is simply indicated as, for in-
stance, uv ¼ fuiv jg, and thus A : uv ¼ fAijkhukvhg. An upper dot
over a symbol denotes its (material) time derivative, _u ¼ du=d t.
The symbol r denotes the spatial gradient operator, i.e.
ru ¼ f@ iujg; rs is the symmetric part of r, and D is the Laplacian
operator. The projection operator PðnÞ associated to a plane of unit
normal n is deﬁned as PðnÞ :¼ I nn ¼ fdij  ninjg. The symbol
rð?nÞ denotes the tangential gradient over a plane of normal n,
i.e. rð?nÞ :¼ PðnÞ  r, or @ð?nÞi ¼ ðdij  ninjÞ@j. The symbol  ¼ fijkg
indicates the alternating third order tensor. The symbol :¼ means
equality by deﬁnition. Other symbols will be deﬁned in the text
at their ﬁrst appearance.2. Equivalent continuum and related constitutive equations
Let us consider a real material occupying a continuous un-
bounded domain, which exhibits defects and inhomogeneities
emerging as properties of an inherent microstructure. The material
is assumed to be statistically representable by geometrically equal
cell elements (or reference volume elements), say Ve, appended to
every point x of the domain, each cell being formed up by simple
material. The characteristic dimension of Ve is so chosen that Ve
is sufﬁciently small to capture small scale defects and inhomoge-
neities, but it is large enough such as defects and inhomogeneities
may be there distributed in a statistically homogeneous manner(see e.g. Krajcinovic, 1996). The generic cell Ve located at x
constitutes a micro-continuum with displacements u0ðxþ rÞ,
(primed symbols denote micro-scale quantities within the cells, r
is the local position vector).
Assuming isothermal conditions for simplicity, the internal en-
ergy balance principle (or ﬁrst thermodynamics principle) can be
enforced as in the following:
_eðxÞ ¼ 1
Ve
Z
Ve
r0ðxþ rÞ : _e0ðxþ rÞdv 0ðrÞ 8x ð1Þ
where dv means volume measure; moreover r0 and e0 denote the
(nonsymmetric, in general) stress and the strain at the micro-scale
within the cell located at x. Eq. (1) realizes a homogenization of the
cell system whereby, at every time t, the internal energy rate den-
sity at x, _eðxÞ, measured at the macro-scale per unit volume of the
equivalent (or homogenized) continuum, is postulated to be equal
to the mean value of the micro-scale stress power within the cell lo-
cated at the same point. For simplicity of notation, the reference to
the current time t is omitted in (1).
Analogously, as discussed by Polizzotto (2012), the inertial en-
ergy balance principle (parallel to the internal energy balance prin-
ciple, but concerned solely with inertial actions) can be enforced by
writing
_jðxÞ ¼ 1
Ve
Z
Ve
p0ðxþ rÞ  _v0ðxþ rÞdv 0ðrÞ 8x ð2Þ
where p0 and v0 are the micro-scale momentum and velocity within
the cell. According to (2), the kinetic energy rate density at x; _jðxÞ,
measured at the macro-scale per unit volume of the equivalent
continuum is postulated to be equal to the mean value of the
micro-scale momentum power within the cell attached to the same
point.
Let us remark that, within classical continuum mechanics, the
mentioned inertial energy balance principle (or anything
equivalent) is not required. In fact, in the latter case, the momen-
tum, say p, is related to the velocity by the classical law p ¼ qv.
Instead, within the present framework of higher order inertia, the
momentum-velocity relation is unknown a priori and its
determination can be achieved treating it just like an additional
constitutive equation (or set of equations) for the inertial-type
state variables. The inertial energy balance principle plays then
a role analogous to the one played by the familiar internal energy
balance principle.
Next, following Mindlin (1964) and Germain (1973), let the
strain ﬁeld e0ðxþ rÞ and the velocity ﬁeld v0ðxþ rÞ within the cell
Ve be approximated by a Taylor series expansion till e.g. the second
order terms, i.e.
e0ðxþ rÞ ¼ eðxÞ þ r  reðxÞ þ 12 rr : rreðxÞ
v0ðxþ rÞ ¼ vðxÞ þ r  rvðxÞ þ 12 rr : rrvðxÞ
)
ð3Þ
Substituting (3) into (1) and (2) and omitting the reference to x as
an argument gives:
_e ¼ r : _eþ rð1Þ...r _eþ rð2Þ :: rr _e
_j ¼ p  _v þ pð1Þ : r _v þ pð2Þ...rr _v
9=
; 8x ð4Þ
where we have introduced the (macro-scale) generalized stresses de-
ﬁned as
rðxÞ :¼ 1Ve
R
Ve
r0ðxþ rÞdv 0ðrÞ ðordinary stressÞ
rð1ÞðxÞ :¼ 1Ve
R
Ve
rr0ðxþ rÞdv 0ðrÞ ðdouble stressÞ
rð2ÞðxÞ :¼ 1Ve
R
Ve
1
2 rrr
0ðxþ rÞdv 0ðrÞ ðtriple stressÞ
9>=
>; ð5Þ
as well as the (macro-scale) generalized momenta given by
3752 C. Polizzotto / International Journal of Solids and Structures 50 (2013) 3749–3765pðxÞ :¼ 1Ve
R
Ve
p0ðxþ rÞdv 0ðrÞ ðordinary momentumÞ
pð1ÞðxÞ :¼ 1Ve
R
Ve
rp0ðxþ rÞdv 0ðrÞ ðdouble momentumÞ
pð2ÞðxÞ :¼ 1Ve
R
Ve
1
2 rrp
0ðxþ rÞdv 0ðrÞ ðtriple momentumÞ
9>=
>;
ð6Þ
Eq. (4) states that the internal energy e associated to the equivalent
continuum must have a dependence on the set (e;re, rre), and
that analogously the kinetic energy j, also associated to the equiv-
alent continuum, must have a dependence on the set (v;rv,rrv).
Indeed, such features are recognized to characterize a second strain
gradient material with second velocity gradient inertia. Here we as-
sume that the latter dependences can be adequately speciﬁed by
assigning the free energy w and the kinetic energy j as the functions
w ¼ wðe;re;rreÞ; j ¼ jðv;rv;rrvÞ ð7Þ
both to be continuous and convex with respect to their own argu-
ments. The internal energy e can be easily derived from w through
a Legendre transform (but e  w in the present case).
According to Noll (1963), the internal energy balance law (4)1
can be regarded as associated to the (noninertial) actions (stresses,
body forces, tractions) arising from the exterior bodies belonging
the near world (as the solar system), whereas the inertial energy
balance law (4)2 can be regarded as associated to the inertial ac-
tions (momentum, inertia forces) arising from the totality of bodies
belonging to the remote universe (the ﬁxed stars). Hence, by (4)1
written in terms of free energy, we can express the generalized
stresses in the energetic form:
r ¼ @w
@e
; rð1Þ ¼ @w
@ðreÞ ; r
ð2Þ ¼ @w
@ðrreÞ ð8Þ
which constitute the elasticity laws for the generalized stresses. Let
us note that the stresses rð1Þ and rð2Þ are work-conjugate,
respectively, to the ﬁrst and second strain gradients; furthermore,
as shown in Appendix B, they are associated with double forces
(or dipoles) having one lever arm and, respectively, triple forces
(or quadrupoles) having two lever arms.
Analogously, by the inertial energy balance law (4)2, we can in
turn derive the constitutive equations (or inertia laws) for the gen-
eralized momenta, which can be cast in the energetic form:
p ¼ @j
@v
; pð1Þ ¼ @j
@ðrvÞ ; p
ð2Þ ¼ @j
@ðrrvÞ ð9Þ
The latter momenta are work conjugate of the velocity and the ﬁrst
and second velocity gradients, respectively.
In order that the constitutive laws (8) be objective, it is required
that the energy balance law (4)1 be invariant under change of ob-
server, that is, (4)1 has to remain unchanged under the superposi-
tion of any (inﬁnitesimal) rigid-body motion of the form (Noll,
1963; Truesdell and Noll, 1965; Gurtin, 2001):
vðx; tÞ ¼ aðtÞ þWðtÞ  x ð10Þ
where aðtÞ is an arbitrary translation vector, andWðtÞ an arbitrary
skew-symmetric rotation tensor. Since _e!W; r _e! 0 and
rr _e! 0 correspondingly, we must have r : W ¼ 0 8W, hence
the stress tensor r has to be symmetric, and thus e can be identiﬁed
with the standard symmetric strain tensor. This is the reason why in
writing (1) we have used the (symmetric) strain tensor in place of
the distortion ru.
It has to be noted that the invariance requisite mentioned above
for the validity of (8) is not required for the validity of (9), since any
quantity having a dynamic signiﬁcance (like the kinetic energy, the
velocity and their consequences) needs only to be evaluated with
respect to a Galilean reference observer, that is, one being ﬁxed,
or uniformly moving, with respect to the ﬁxed stars. Alternatively,
we can state that, on operating an arbitrary change of observerthrough a transformation as x ¼ cðtÞ þ Q ðtÞ  x, where cðtÞ is a vec-
tor and Q ðtÞ a rotation tensor (Q T  Q ¼ Q  Q T ¼ I), we expect that
the ﬁxed stars move together with the moving observer (Noll,
1963; Truesdell and Noll, 1965; Malvern, 1969).
Let us remark that (8) and (9) hold true independently of the ex-
tent of the domain occupied by the material. In the present case of
compatible elasticity, in accord to Mindlin (1965) Eq. (8) provides
in total 6 + 18 + 30 = 54 independent generalized stress variables,
which are work-conjugate of as many strain and strain gradient
variables, that is the variables e ¼ feijg, re ¼ f@keijg, and
rre ¼ f@k@leijg, respectively. Analogously, (9) provides in total
3 + 9 + 18 = 30 independent generalized momentum variables,
which are work-conjugate of as many velocity and velocity gradi-
ent variables, that is the variables v ¼ fv jg; rv ¼ f@kv jg, and
rrv ¼ f@k@lv jg, respectively.
In the following, for practical reasons, we shall take w and j in
the special forms:
w :¼ 12C :: eeþ ‘2s1ðreÞT  reþ ‘4s2ðrreÞT : rre
 
j :¼ 12q v  v þ ‘2d1rv : rv þ ‘4d2rrv..
.rrv
 
9>=
>; ð11Þ
where C denotes the usual fourth-order tensor of isotropic elastic-
ity, i.e., denoting by k; l the classical Lamé constants,
C ¼ fCijklg; Cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð12Þ
Also, ‘s1; ‘s2 are length scale parameters for statics and ‘d1; ‘d2 anal-
ogous parameters for inertia effects; often the equalities ‘s2 ¼ ‘s1
and ‘d2 ¼ ‘d1 are taken for practical purposes (Lazar et al., 2006).
With w and j as above, the stresses (8) and the momenta (9) pos-
sess the following constitutive forms:
r ¼ C : e; rð1Þ ¼ ‘2s1rr; rð2Þ ¼ ‘4s2rrr
p ¼ qv; pð1Þ ¼ ‘2d1rp; pð2Þ ¼ ‘4d2rrp
)
ð13Þ
The characteristic feature of the latter constitutive equations con-
sists in the circumstance whereby the ordinary stress r obeys the
Hooke’s law and the ordinary momentum p equals the classical
motion quantity qv, whereas the double and triple stress and
momentum tensors are expressed as the ﬁrst and the second gradi-
ent of the related ordinary stress and momentum tensors, respec-
tively. Such a feature constitutes a distinctive character of the
so-called Aifantis model for ﬁrst strain gradient elasto-statics
(where ‘d2 ¼ ‘d1 ¼ ‘s2 ¼ 0) (Aifantis, 1992; Altan and Aifantis,
1992; Ru and Aifantis, 1993), and subsequently for dynamics
ð‘s2 ¼ ‘d2 ¼ 0Þ, (Askes and Aifantis, 2006, 2011). For second strain
gradient elasto-statics (‘d1 ¼ ‘d2 ¼ 0), the above material model
was advanced by Polizzotto (2003) and then independently elabo-
rated as the strain gradient theory of bi-Helmholtz type by Lazar
et al. (2006), Zhang et al. (2006), Deng et al. (2007), Shodja et al.
(2012) and Lazar (2013), as already referenced in the Introduction.
On relaxing the hypothesis of simple material within the cells, the
preceding developments may be extended to other types of mate-
rial, like Cosserat, polar and multipolar materials (Eringen, 1966;
Green and Rivlin, 1964), but this point is skipped for brevity.
3. Multi-cell homogenization procedure leading to a second
strain gradient model
In Section 2 some properties of the material microstructure
have been extracted and brought up to the macrostructural level
in the absence of perturbations due to the presence of any circum-
venting boundary surface. In order to evaluate the effects produced
by an existing boundary surface (hereafter called surface effects),
here we consider a body of ﬁnite domain, say V. Within V, every
particle can be thought of to incorporate an equally distributed
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actions can manifest themselves in the same manner at all loca-
tions within the body, but sufﬁciently far from the boundary sur-
face. Instead, in a particle being close, or even attached, to the
boundary surface, the mentioned atomic network is in some way
modiﬁed by the cutting surface and the long range actions do take
place in some altered manner due to the absence of the atomic
attractions from the outside (Toupin et al., 1963). The same holds
for a particle being close, or attached, to an edge line, or to a corner
point.
We can address this very complex material behavior in a sche-
matic way through a (nonstandard) multi-cell homogenization
procedure. For more generality, the body is assumed to possess
some edge line(s) and corner points. The generic subdomain of
the latter body is conceived (Fig. 1) as the union of a core volume,
say B, and a circumventing boundary layer, say BS, the latter being
generated by the totality of straight segments of constant length c0
in the direction of the (generalized) normal n, with one end on @B
at all points of this surface. The length parameter c0 is taken equal
to a certain number of inter-particle spaces, such that BS ! @B at
the limit as c0 ! 0. BS is formed up, in general, by three parts,
say BS ¼ Brs [ Bel [ Bcp, where Brs includes the regular points of
@B, whereas Bel and Bcp include the singular points of @B, i.e. the
points of the edge lines (globally denoted CðBÞ), and the corner
points, say xc; ðc ¼ 1;2; . . . ;NðBÞÞ, respectively. Four different
types of cell elements are employed for this homogenization, that
is: (i) the cell elements Ve within B, each taken in the form of a
sphere of radius c0 and centered at the generic point x 2 B; (ii)
the cell elements Le within Brs, each in the form of a linear segment
normal to the surface, of length c0 and externally attached to @B;
(iii) the cell elements Ae within Bel, each in the form of a circular
sector lying on a plane orthogonal to the edge line, of radius c0
and with the center lying on the edge line; (iv) the cell elements
Vce attached to the corner points xc , each taken as just a portion
of a sphere Ve, in the form of a spherical sector.(a)
(b) (c)
Fig. 1. Geometrical sketch showing the decomposition of a (ﬁnite) body into a core domai
distribution, i.e. (i) spherical cells Ve of radius c0 within B, (ii) linear cells Le of length c0 w
cells Vce shaped as spherical sectors of radius c0 at the corner points xc 2 Bcp; (b) and (c)Let us note that a cell Ae can be thought of as being generated by
a linear segment of length c0 with one end ﬁxed at the related point
x 2 CðBÞ, external to @B and rotating in all possible directions of the
generalized normal to @B drawn from x, see Fig. 1(b). In an analo-
gous way can be generated a cell Vce attached to the corner point xc ,
see Fig. 1(c).
The nonstandard cell elements attached to the boundary layer
BS, i.e. the cells ðLe;Ae;VceÞ, are motivated by the physical circum-
stance that the external actions on the boundary surface can in
practice include not only the classical contact forces (i.e. ordinary
tractions), but also long range forces, that is, multi-pole forces ap-
plied at points within some boundary layer circumventing the bulk
material. In the case of the unbounded domain treated in Section 2
no elements of the latter sort were used due to the absence of a
boundary surface; in any case the homogenization there accom-
plished, in which only domain-type elements were used, can obvi-
ously be thought of as a particular case of a multi-cell
homogenization procedure.
The evaluation of the mentioned surface effects has to be
achieved separately either for the quasi-static behavior of the
material, or for its dynamic behavior. The latter case will be trea-
ted in the Part II paper, whereas the former one is treated here. For
this aim, the above multi-cell homogenization procedure is ap-
plied in combination with the classical principle of the virtual
power (PVP) enforced at the micro-scale of the cell system. At
every point of the body, the relevant virtual power contribution
is computed as a mean value of the analogous micro-scale contri-
bution computed over the cell element attached to the considered
point. Denoting by primed symbols the micro-scale quantities
within the cells, and by a superposed tilde the virtual kinematic
variables, we can write the (macro-scale) internal virtual power
for the subdomain B 2 V as:
Lint :¼
Z
B
1
Ve
Z
Ve
r0ðxþ rÞ : ~e0ðxþ rÞdv 0ðrÞdvðxÞ ð14Þn B and a boundary layer BS ¼ Brs [ Bel [ Bcp of constant thickness c0: (a) cell element
ithin Brs , (iii) plane cells Ae shaped as circular sectors of radius c0 within Bel , (iv) solid
details of the edge line rod and of the corner point junctions.
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Lext : ¼
Z
B
1
Ve
Z
Ve
b0ðxþ rÞ  ~v0ðxþ rÞdv 0ðrÞdvðxÞ
þ
Z
@B
1
Le
Z
Le
t0ðxþ lnÞ  ~v0ðxþ lnÞdl0daðxÞ
þ
Z
CðBÞ
1
Ae
Z
Ae
f 0ðxþ PðsÞ  rÞ  ~v0ðxþ PðsÞ  rÞda0ðrÞds
þ
XNðBÞ
c¼1
1
Vce
Z
Vce
F0ðxþ rÞ  ~v0ðxþ rÞdv 0ðrÞ ð15Þ
where ~v denotes virtual velocity and ~e ¼ rs~v gives the related
virtual strain rates. Also, the micro-scale stresses r0 represent the
actions at points within Ve from the surrounding material; analo-
gously, the micro-scale surface tractions t0 represent the actions
at points within every Le from the external ambient. In a similar
fashion can the analogous body forces b0, line tractions f 0 and point
forces F0 be interpreted. Moreover, l and s denote arc-lengths along
the normal to @B and, respectively, the edge line CðBÞ.
In view of c0 being relatively small, let the velocity v0 be ex-
panded by a Taylor series up to a sufﬁcient number of terms, such
that we can replace the virtual kinematic variables of (14) and (15)
as in the following:
~e0ðxþ rÞ ¼ ~eðxÞ þ r  r~eðxÞ þ 12 rr : rr~eðxÞ; 8x 2 B
~v0ðxþ lnÞ ¼ ~vðxÞ þ l@n~vðxÞ þ 12 l
2
@2nn~vðxÞ; 8x 2 @B
~v0ðxþ PðsÞ  rÞ ¼ ~vðxÞ þ r  rð?sÞ~vðxÞ; 8x 2 CðBÞ
~v0ðxc þ rÞ ¼ ~vc; ðc ¼ 1;2; . . . ;NðBÞÞ
9>>>=
>>;
ð16Þ
Here, rð?sÞ denotes the line-transversal gradient over the edge line
with unit tangent vector s, that is, the tangential gradient over a
plane orthogonal to the edge line. Hence, substituting (16)1 into
(14), we can write:
Lint ¼ Lintð~v;BÞ :¼
Z
B
r : ~e|ﬄ{zﬄ}
I0
þ rð1Þ...~eð1Þ|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
I1
þ rð2Þ :: ~eð2Þ|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
I2
2
4
3
5dv ð17Þ
where we have posed ~eð1Þ :¼ r~e, ~eð2Þ :¼ rr~e, whereas the stresses
r; rð1Þ and rð2Þ denote the generalized stresses deﬁned in Section 2,
Eq. (8).
Next, let us introduce the positions
bð0ÞðxÞ :¼ 1Ve
R
Ve
b0ðxþ rÞdv 0ðrÞ
bð1ÞðxÞ :¼ 1Ve
R
Ve
rb0ðxþ rÞdv 0ðrÞ
bð2ÞðxÞ :¼ 1Ve
R
Ve
1
2 rrb
0ðxþ rÞdv 0ðrÞ
9>>=
>>; ð18Þ
and
b :¼ bð0Þ  r  bð1Þ þ rr : bð2Þ
tb :¼ n  ðbð1Þ  r  bð2ÞÞ  rð?nÞ þ Hn
   ðn  bð2ÞÞ
tð1Þb :¼ nn  bð2Þ
fb :¼ nm : bð2Þ
h iþ

9>>>=
>>>;
ð19Þ
where rð?nÞ ¼ PðnÞ  r is the tangential gradient over @B, whereas
the symbol H and the notation ðÞ½ þ will be explained later in Sec-
tion 5, see Eq. (32). Using the latter positions and substituting
(16)24 into (15), we can write:
Lext ¼ Lextð~v;BÞ :
¼
Z
B
b  ~vdv þ
Z
@B
t  ~v þ tð1Þ  @n~v þ tð2Þ  @2nn~v
 
da
þ
Z
CðBÞ
f  ~v þ fð1Þ : rð?sÞ~v
h i
dsþ
XNðBÞ
c¼1
Fc  ~vc ð20Þwhere da means area measure and moreover we have set
tðxÞ :¼ 1Le
R
Le
t0ðxþ lnÞdlþ tbðxÞ ðordinary tractionÞ
tð1ÞðxÞ :¼ 1Le
R
Le
lt0ðxþ lnÞdlþ tð1Þb ðxÞ ðdouble tractionÞ
tð2ÞðxÞ :¼ 1Le
R
Le
1
2 l
2t0ðxþ lnÞdl ðtriple tractionÞ
9>=
>; ð21Þ
and
fðxÞ :¼ 1Ae
R
Ae
f 0ðxþ PðsÞ  rÞda0ðrÞ þ fb ðordinary line tractionÞ
fð1ÞðxÞ :¼ 1Ae
R
Ae
rf 0ðxþ PðsÞ  rÞda0ðrÞ ðdouble line tractionÞ
)
ð22Þ
Fc :¼ 1Vce
Z
Vce
F0ðxþ rÞdv 0ðrÞ; ðc ¼ 1;2; . . .NðBÞÞ ðpoint tractionsÞ
ð23Þ
With the operations achieved so far (the details have been in most
part skipped for brevity), the mean virtual power contributions
from every cell are replaced by the macroscopic contributions given
by some equivalent short and long range actions (as r;rð1Þ;rð2Þ; . . .)
at the generic point x through the related work-conjugate contin-
uum deformation modes (as e; eð1Þ; eð2Þ; . . .). In particular, the body
forces within the cells are replaced, at the macroscopic level, by
some equivalent external actions like body forces ðbÞ within B, sur-
face tractions ðt; tð1Þ; tð2ÞÞ on @B, line tractions ðf; fð1ÞÞ on CðBÞ, and
point forces Fc , as shown by (18), (19), (21)–(23). All this implies
that, by the multi-cell homogenization process, the original cell sys-
tem has been transformed into an equivalent structural system
which happens to exhibit the same features of a second strain gra-
dient material model and is characterized by the internal and exter-
nal virtual powers of (17) and (20), respectively. The latter
quantities coincide with the analogous quantities provided by
Mindlin (1965) in all, except for the contributions from the edge
line CðBÞ.
To this concern, we remark that, as on the boundary surface @B
the normal derivatives @nv and @2nnv are the independent parts of
the gradients rv and rrv, likewise on the edge line CðBÞ (where
rv ¼ s@sv þrð?sÞv) the line-transversal gradient rð?sÞv has to be
regarded as the independent part of rv, for the tangential part
@sv ¼ s  rv can be computed with the values of v over CðBÞ. This
is not mentioned in the Mindlin’s work (see the Appendix of the
paper by Mindlin, 1965).
On equating (17)–(20) and considering the equivalent external
actions of (20) as primitive external load parameters, we obtain
the PVP cast in its (macro-scale) format typical of a second strain
gradient material model. This operation will be achieved in next
section, see Eq. (24).
We close this section stating that the inertia forces are pre-
sumed to be incorporated within the body forces and, as we shall
see in the Part II paper, within the surface and the edge line forces
as well.
4. The principle of the virtual power for quasi-static actions
In this section we consider a second strain gradient elastic
material occupying a (three-dimensional) domain V of boundary
surface S ¼ @V and subjected to some speciﬁed quasi-static exter-
nal actions. Our aim here is to write out – independently of the
constitutive properties of the material – the equilibrium equations
relating the (ordinary, double and triple) stresses to the external
actions using for this purpose the principle of the virtual power
(PVP). Following Fried and Gurtin (2006), as already done by
Polizzotto (2012) we shall apply the latter principle not to the
whole body, but rather to any portion of it, even inﬁnitesimal,
say B#V . Also, we assume that the material possesses the same
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the preceding section. Therefore, considering the generic subdo-
main B coinciding with the domain B of the preceding section,
the above PVP can be considered coincident with the (macro-scale)
PVP that, as announced at the end of the preceding section, can be
obtained by equating (17)–(20), that is:
Lintð~v;BÞ ¼ Lextð~v;BÞ ð24Þ
This equality has to hold for any B#V , as well as for any choice of
the virtual kinematic variables satisfying the compatibility
conditions
~e ¼ eð~vÞ :¼ rs~v; ~eð1Þ ¼ reð~vÞ; ~eð2Þ ¼ rreð~vÞ in B ð25Þ
The two sides of (24), coinciding with the right hand sides of (17)
and (20), respectively, exhibit a functional dependence on B and
on the virtual velocity ﬁeld, ~v, there explicitly pointed out.
Eq. (24), together with the latter constraints, constitutes the
(macro-scale) PVP as derived in the preceding section by means
of the multi-cell homogenization procedure. It does exhibit the
same format known from the literature (Mindlin, 1965; Germain,
1973) for a second strain gradient material model. We might have
started directly from the latter format, but the adopted homogeni-
zation has transformed the various geometrical manifolds each as a
condensed aggregate of cell elements, and in particular the original
boundary layer, BS, ﬁnds itself condensed over the surface @B.
4.1. A few explanations on the physical content of the PVP
Before going on with the mathematical exploitation of (24), it is
appropriate to point out the precise physical meanings of the
several ingredients appearing in (17) and (20). Namely, the generic
particle within B possesses three intrinsic deformation modes
described by the tensors e ¼ feijg; eð1Þ ¼ feð1Þkij g :¼ f@keijg and eð2Þ ¼
feð2Þklijg :¼ f@k@leijg, all symmetric with respect to the index pair
ði; jÞ, (but eð2Þ also with respect to ðk; lÞ), such that (as stated before),
they possess 6 + 18 + 30 = 54 independent components in total, all
being derivable from a sufﬁciently continuous velocity ﬁeld v. The
ordinary stress tensor r ¼ frijg, the double stress tensor
rð1Þ ¼ frð1Þkij g and triple stress tensor rð2Þ ¼ frð2Þklijg possess analogous
symmetry features, hence the same number of independent com-
ponents. These stresses represent the short and long range actions
of the surrounding material upon the considered particle.
Within the surface integral on the right hand side of (20) we can
distinguish the ordinary traction t ¼ ftjg which works through v,
the double (or dipole) traction tð1Þ ¼ ftð1Þj g with one lever arm in
the normal direction and working through @nv, and the triple (or
quadrupole) traction tð2Þ ¼ ftð2Þj g with two lever arms both in the
normal direction and working through @2nnv. Both these three trac-
tions are measured per unit area of surface @B on which they are
applied. Analogously, within the line integral on the right hand
side of (20) we can distinguish the ordinary line force f ¼ ffjg
working through v and the double line force fð1Þ ¼ ff ð1Þkj g of direc-
tion j and one lever arm of direction k, working through the line-
transversal gradient rð?sÞv ¼ f@ð?sÞkv jg, both these two tractions
being measured per unit length of the edge line, on which they
act. The surface tractions on @B, together with the line tractions
on CðBÞ and the corner point forces, describe macroscopically the
short and long range actions of the external ambient upon the body
across, respectively, the boundary surface, the edge line and the
corner points.
A paramount question about the higher order stresses
previously introduced regards the physical interpretation of their
indices. This interpretation can be readily established looking at
the detailed expression of the stress power within Lintðv;BÞ of
(17), that is,W :¼ rij~eij þ rð1Þkij @k~eij|ﬄ{zﬄ}
~eð1Þ
kij
þrð2Þklij @k@l~eij|ﬄﬄ{zﬄﬄ}
~eð2Þ
klij
ð26Þ
The point of departure is the accepted standard meaning of the in-
dex pair ði; jÞ of the (symmetric) ordinary stress rij, namely, j as the
direction of the force, i as the direction normal to the plane on
which the force acts (but, due to the symmetry, inverted roles for
the latter indexes can also be accepted). This obviously has to hold
also for the double and triple stresses, which in addition need fur-
ther speciﬁcations to denote the lever arm(s) attached to them. This
role has to be necessarily played by the extra indexes, either k for
the rð1Þkij stress components, or ðk; lÞ for the rð2Þklij stress components.
Therefore, looking at the expression rð1Þkij , we can say that it repre-
sents a double force of direction j acting on a plane of normal i
and having a lever arm of direction k. The same holds for the
expression rð2Þklij, but this time the force is a quadrupole force thus
having two lever arms with directions k and l, respectively.
The above rule, followed within the present work, can be chan-
ged somewhat, as explained in Appendix B. Namely, looking at the
double stress rð1Þkij , (or the triple stress r
ð2Þ
klij), the meanings of the in-
dexes k and i can be interchanged, in the sense that the ﬁrst index k
represents the normal to the plane on which the force of direction j
acts, the second (or third) index i the direction of the (or of one)
lever arm. The latter rule, seemingly advanced by Mindlin (1964,
1965) (and for this reason referred to as the ‘‘Mindlin rule’’ in the
following), has gained some popularity within the literature, see
e.g. Lazar and Maugin (2005); Lazar et al. (2006), but here the pre-
vious one is followed. The convenience of one choice with respect
to the other mainly depends on the adopted index contraction
rules.
4.2. Invariance requisites
For the objectivity of any consequence derived from the PVP
(24), it is required that Lintð~v;BÞ remain unchanged under change
of observer, that is, after a transformation as in (10). As we have
veriﬁed in Section 2, this invariance requisite is guaranteed if,
and only if, the ordinary stress r is symmetric (and thus the related
strain e can also be considered symmetric). This requisite is as-
sumed satisﬁed in the following.
The equality (24) implies that Lextð~v;BÞ is also invariant. The
consequences of this fact can be readily obtained by imposing
~v ¼ v and W ¼   /, where / ¼ /ðtÞ is an arbitrary rotation
vector. With the latter choice, it is @n~v ! n W; @2nn~v ! 0, and
rð?sÞ~v ! PðsÞ W. Then, the following two identities can be
shown to hold:
RðBÞ :¼
Z
B
bdv þ
Z
@B
tdaþ
Z
CðBÞ
f dsþ
XNðBÞ
c¼1
Fc ¼ 0 ð27Þ
and
MðBÞ :¼
Z
B
x bdv þ
Z
@B
x tþ n tð1Þ da
þ
Z
CðBÞ
x f þ  : fð1ÞðLTÞ
	 

dsþ
XNðBÞ
c¼1
xc  Fc ¼ 0 ð28Þ
Here, n denotes the unit vector normal to @B. Also, the moments are
taken with respect to the axes origin and fð1ÞðLTÞ denotes the line-
transversal component of fð1Þ, namely, its component on a plane
orthogonal to the edge line, i.e. fð1ÞðLTÞ :¼ PðsÞ  fð1Þ. Eqs. (27) and
(28) are the linear and angular momentum balance equations of
the body with (closed) domain B. It is worth noting that the absence
of the triple surface tractions tð2Þ from (28) is due to the fact that
quadrupole forces are always self-equilibrated.
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In this rather lengthy section the mathematical consequences of
the PVP are derived. To obtain the latter consequences, let the
space integrals I0; I1; I2 shown by (17) be transformed by applying
the standard divergence theorem where needed. We can then
write, remembering (25):
I2 ¼
Z
B
rð2Þ :: r~eð1Þdv
¼ 
Z
B
r  rð2Þ...~eð1Þdv þ
Z
@B
n  rð2Þ...~eð1Þda ð29Þ
Using the latter result, we can also write:
I1 þ I2 ¼
Z
B
rð1Þ  r  rð2Þ ...r~edv þ Z
@B
n  rð2Þ...r~eda ð30Þ
With the decompositionr~e ¼ n@n~eþrð?nÞ~e, Eq. (30) can be rewrit-
ten as
I1 þ I2 ¼ 
Z
B
r  rð1Þ  r  rð2Þ  : ~edv
þ
Z
@B
n  rð1Þ  r  rð2Þ  : ~edaþ Z
@B
nn : rð2Þ : @n~eda
þ
Z
@B
n  rð2Þ...rð?nÞ~eda|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
I
ð31Þ
Next, by the surface divergence theorem, the integral I here above
can be transformed as
I ¼ 
Z
@B
rð?nÞ þ Hn
   n  rð2Þ  : ~edaþ Z
CðBÞ
nm : rð2Þ
 þ
 : ~eds ð32Þ
where ds denotes length measure on the edge line and
H :¼ rð?nÞ  n equals twice the mean curvature at the (regular)
points of @B.
Furthermore, the symbol ðÞ½ þ denotes the jump of a quantity ðÞ
being discontinuous across CðBÞ passing from one of the two sur-
faces mutually intersecting on CðBÞ. More precisely, let s denote
a unit vector tangential to CðBÞ (e.g. according to the integration
sense), and let nþ;n denote the outward normals at points of @B
close to CðBÞ. The vector nþ is attached to the ‘‘positive’’ side sur-
face, i.e. the one such that the external normal agrees with the po-
sitive (i.e. anticlockwise) rotation sense around s, whereas n is
attached to the ‘‘negative’’ side surface, i.e. the other one. Also,
we let mþ :¼ s nþ, m :¼ s n, such that the unit vectors mþ
and m are both normal to CðBÞ and lie, respectively, on the tangent
planes of @B on the positive and negative side surfaces.
It thus follows that the integral Lintð~v;BÞ ¼ I0 þ I1 þ I2 can be
rewritten as:
Lintð~v;BÞ¼
Z
B
rrrð1Þ þrr :rð2Þ  :r~vdv|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J1
þ
Z
@B
n  rð1Þ rrð2Þ  rð?nÞ þHn   n rð2Þ   :r~vda|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J2
þ
Z
@B
nn :rð2Þ :@nr~vda|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J3
þ
Z
CðBÞ
nm :rð2Þ
 þ
 :r~vds|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J4
ð33Þ
Next, with the positions:
T :¼ rr  rð1Þ þ rr : rð2Þ ðTotal ðCauchyÞ stressÞ ð34ÞS :¼ n  rð1Þ  r  rð2Þ  rð?nÞ þ Hn   n  rð2Þ  ð35Þ
we can write the equalities
J1 :¼
Z
B
T : r~vdv ¼ 
Z
B
r  T  ~vdv þ
Z
@B
n  T  ~vda ð36Þ
and, using the decomposition r~v ¼ n  @n~v þrð?nÞ~v,
J2 :¼
Z
@B
S : r~vda ¼
Z
@B
S : n@n~v þrð?nÞ~v
 
da
¼
Z
@B
n  S  @n~vdaþ
Z
@B
S : rð?nÞ~vda
¼
Z
@B
n  S  @n~vda
Z
@B
r?ðnÞ þ Hn
   S  ~vda
þ
Z
CðBÞ
m  S½ þ  ~vds ð37Þ
After Mindlin (1965), we can write:
@nr~v ¼ rð@n~vÞ  rðn  rÞ~v
¼ n@2nn~v þrð?nÞ@n~v þ K  rð?nÞ~v ð38Þ
where K :¼ rð?nÞn is the (symmetric) Weingarten curvature ten-
sor at points of @B, possessing the properties H ¼ Kii, n  K  0
(Sokolnikoff, 1951)). Therefore, substituting from (38), the integral
J3 of (33) becomes:
J3 ¼
Z
@B
n  nn : rð2Þ   @2nn~vdaþ Z
@B
nn : rð2Þ : rð?nÞ@n~vda|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J03
þ
Z
@B
K  nn : rð2Þ  : rð?nÞ@n~vda|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
J003
ð39Þ
By the surface divergence theorem, the integral J03 of (39) can be ex-
panded as follows:
J03 ¼ 
Z
@B
rð?nÞ þ Hn
   nn : rð2Þ   @n~vda
þ
Z
CðBÞ
nnm..
.
rð2Þ  @n~v
 þ

ds ð40Þ
Noting that @n~v ¼ n  r~v and that at any point of the edge line a
decomposition as r~v ¼ s@s~v þrð?sÞ~v holds true, and that therefore
it is, everywhere on CðBÞ:
nnm..
.
rð2Þ  @n~v
 þ

¼ nðnnm...rð2ÞÞ
 þ

: rð?sÞ~v ð41Þ
then the integral J03 of (40) can be written as follows:
J03 ¼
Z
@B
rð?nÞ þ Hn
   nn : rð2Þ   @n~vda
þ
Z
CðBÞ
n nnm..
.
rð2Þ
  þ

: rð?sÞ~vds ð42Þ
Again by the surface divergence theorem we can write the integral
J003 of (39) in the form:
J003 ¼ 
Z
@B
rð?nÞ þ Hn
   K  ðnn : rð2ÞÞ   ~vda
þ
Z
CðBÞ
m  K  ðnn : rð2ÞÞ þ  ~vds ð43Þ
Moreover, with the decomposition r~v ¼ s@s~v þrð?sÞ~v (already
used before), we can write the integral J4 of (33) as:
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Z
CðBÞ
nm : rð2Þ
 þ
 : s@s~v þrð?sÞ~v
 
ds
¼
Z
CðBÞ
nm : rð2Þ
 þ
 : rð?sÞ~vds
Z
CðBÞ
@sðs  nm : rð2Þ
 þ
Þ  ~vds
þ
XNðBÞ
c¼1
X
r
k  nm : rð2Þ þ

 
xc
 ~vc ð44Þ
where the interior sum (over r) is extended to all the edge line
segments intersecting at the generic corner point xc (with
kr ¼ s according to whether the unit vector s attached to the
rth line segment goes toward the corner point xc , or exits from
it).
Finally, substituting J03 of (42) and J
00
3 of (43) into (39) and then
adding the latter to the other obtained results, after some ordering,
we can compute the integral Lintð~v;BÞ ¼ J1 þ J2 þ J3 þ J4 and cast it
in the form:
Lintð~v;BÞ¼
Z
B
rT  ~vdvþ
Z
@B
n T  ~vda

Z
@B
rð?nÞ þHn
   SþK  nn :rð2Þ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
R
2
64
3
75  ~vda
þ
Z
@B
n  SþK  nn :rð2Þ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
R
2
64
3
75 rð?nÞ þHn   nn :rð2Þ|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
Rð1Þ
0
@
1
A
8><
>:
9>=
>; @n~vda
þ
Z
@B
n  nn :rð2Þ|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
Rð1Þ
0
@
1
A @2nn~vda
þ
Z
CðBÞ
m  SþK  nn :rð2Þ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
R
0
B@
1
CA
2
64
3
75
þ

@s s  nm :rð2Þ
 þ
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
P
0
B@
1
CA
8><
>:
9>=
>;  ~vdl
þ
Z
CðBÞ
nm :rð2Þ
 þ
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
P
ss  nm :rð2Þ þ|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
P
þ nm : ðnn :rð2ÞÞ|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
Rð1Þ
2
64
3
75
þ

8><
>:
9>=
>; :rð?sÞ~vds
þ
XNðBÞ
c¼1
X
r
kr  nm :rð2Þ
 þ
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
Pr
0
B@
1
CA
c
 ~vc ð45Þ
Next, let us introduce the stress tensors deﬁned as:
R :¼ Sþ K  nn : rð2Þ 
Rð1Þ :¼ nn : rð2Þ
)
ðSurface stressesÞ ð46Þ
P :¼ nm : rð2Þ þ ðEdge line stressÞ ð47Þ
Uc :¼
X
r
kr Pr
 !
xc
ðc ¼ 1;2; . . . ;NðBÞÞ ðCorner tractionsÞ ð48Þ
Using the latter notations and substituting (45) and (20) into (24),
after some reordering we can obtain, as a consequence of the PVP
under discussion, the following equality:

Z
B
ðr  Tþ bÞ  ~vdv 
Z
@B
ðrð?nÞ þ HnÞ  Rþ t n  T
   ~vda

Z
@B
ðrð?nÞ þ HnÞ  Rð1Þ þ tð1Þ  n  R
   @n~vdaZ Zdsþ
@B
n  Rð1Þ  tð2Þ   @2nn~vda
CðBÞ
@s s Pð Þ þ f  m  R½ þ
   ~v
þ
Z
CðBÞ
nm : Rð1Þ
 þ
 þ PðsÞ P f
ð1Þ
n o
: rð?sÞ~vds
þ
XNðBÞ
c¼1
Uc  Fcð Þ  ~vc ¼ 0 ð49ÞThis is an identity holding for arbitrary choices of the virtual veloc-
ity ﬁelds, hence it implies that a set of equilibrium equations be sat-
isﬁed. The latter equations are reported in next section.
6. Cauchy continuum enclosed within a membrane-like
boundary layer
6.1. Equilibrium equations
The identity reported at the end of the previous section, there
obtained as a direct consequence of the PVP, leads to the following
equilibrium equations:
r  Tþ b ¼ 0 in B ð50Þ
rð?nÞ þ Hn
   Rþ t n  T|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
bS
¼ 0
rð?nÞ þ Hn
   Rð1Þ þ tð1Þ  n  R|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
bð1ÞS
¼ 0
n  Rð1Þ  tð2Þ ¼ 0
9>>>>=
>>>>;
on @B ð51Þ
@s s Pð Þ þ f  m  R½ þ|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
bL
¼ 0
nm : Rð1Þ
 þ
 þ PðsÞ P f
ð1Þ ¼ 0
9>=
>; on CðBÞ ð52Þ
Uc ¼ Fc; 8c ¼ 1;2; . . . ;NðBÞ ð53Þ
where the total stress T, the surface stresses R and Rð1Þ, the edge line
stress P and the corner point tractions Uc; ðc ¼ 1;2; . . . ;NðBÞÞ have
been deﬁned in the preceding section.
The latter equations coincide with the analogous ones obtained
by Mindlin (1965), but they are cast here in a formmore suitable to
point out their particular mathematical structure and physical
implications. Namely, there are four groups of equations, of which
(50) is related to the bulk material with degrees of freedom (DoFs)
v; the equations of (51) are related to the boundary layer with
DoFs v; @nv and @2nnv, respectively; the equations of (52) are re-
lated to the edge line CðBÞ meant as a rod with DoFs v and
rð?sÞv, respectively; ﬁnally (53) is related to the corner points xc
meant as junctions with DoFs vc; ðc ¼ 1;2; . . .NðBÞÞ.
In particular, Eq. (50) is recognized as the classical equilibrium
equations in which the total stress T plays the role of Cauchy stress.
Also, Eqs. (51)1,2 can be interpreted with the aid of the principles of
surface mechanics (Gurtin and Murdoch, 1975, 1978) as the equi-
librium equations for a material surface subjected to surface stres-
ses R (dimension force per unit area) and Rð1Þ (dimension moment
per unit area) and to surface body force densities deﬁned as:
bS :¼ t n  T; bð1ÞS :¼ tð1Þ  n  R ð54Þ
The quantity bS (dimensionally, force per unit area) coincides with
the so-called Gurtin–Murdoch traction, tGM, previously introduced
(see also Polizzotto, 2012), but here a new notation is used to artic-
ulate its role as surface body force. An analogous role is played by
bð1ÞS (dimensionally, moment per unit area). Eq. (51)3 is a ﬁnite bal-
ance equation between internal and external triple surface tractions
demanded by the DoFs @2nnv of @B.
Eq. (52)1 (where s P denotes the traction over a plane orthog-
onal to the edge line) can be interpreted as the equilibrium equa-
tion of a rod subjected to the stress P and to a lineal body force
density deﬁned as:
bL :¼ f  m  R½ þ ð55Þ
Eq. (53) collects a discrete set of equilibrium equations for the cor-
ner point junctions.
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The above positions and interpretations enable us to state that a
body made up by second strain gradient material manifests strong
surface effects, which make it operate as a combination of two
material subsystems, that is, the bulk material within B with a
stress state described by the total (Cauchy) stress T, and the bound-
ary layer SB (geometrically coinciding with @B) with a complex
stress state described by the surface stresses R and Rð1Þ, the edge
line stress P on CðBÞ and the corner point tractions Uc . Addition-
ally, we can state that the ordinary boundary traction t decom-
poses into two parts, i.e. t ¼ tC þ tGM, of which tC :¼ n  T (called
Cauchy traction) is sustained by the bulk material, whereas
tGM ¼ bS (called Gurtin–Murdoch traction) is sustained by the
boundary layer itself. The above complies with ideas by Forte
and Vianello (1988) about the existence of surface stresses within
strain gradient materials; it also substantiates a conjecture previ-
ously advanced by the author (Polizzotto, 2003) and generalizes
similar ﬁndings for ﬁrst strain gradient materials (Polizzotto,
2012).
For a further explanation, let us consider Fig. 2(a)–(c) giving a
schematic picture of the manner in which the body works. For
more graphical clarity, we let an arrow also represent either a di-
pole force or a quadrupole one according to whether it is marked
with one or two crossing strokes, respectively. When the boundary
layer SB is separated from the bulk material, the latter ﬁnds itself in
equilibrium under the body forces b distributed within B, and the
Cauchy traction tC applied upon the skin of B, as shown in Fig. 2(b)
through a Cauchy tetrahedron. Analogously, the boundary layer SB
considered as a unique rigid object (of which a portion is shown in
Fig. 2(c)) ﬁnds itself in equilibrium under the externally applied ac-
tions, i.e. the (a priori unknown) Gurtin–Murdoch traction
tGM ¼ bS ¼ t tC and the higher order tractions tð1Þ and tð2Þ distrib-
uted over @B, the line tractions f and fð1Þ distributed over CðBÞ, and
the point forces Fc .
The above implies that some equations of global equilibrium
must hold for each subsystem, just like (27) and (28), namely:(a)
(b) (
Fig. 2. Geometrical sketch representing: (a) The combination of the Cauchy continuum a
An isolated element of boundary layer subjected to the relevant applied actions.	 For the (isolated) boundary layer SB:c)
nd the bRðSBÞ ¼
Z
@B
bS daþ
Z
CðBÞ
f dsþ
XNðBÞ
c¼1
Fc ¼ 0 ð56ÞMðSBÞ ¼
Z
@B
x bS þ n tð1Þ
 
da
þ
Z
CðBÞ
x f þ  : fð1ÞðLTÞ
	 

dsþ
XNðBÞ
c¼1
xc  Fc ¼ 0 ð57Þ	 For the (isolated) bulk material within B:RðBÞ ¼
Z
B
bdv þ
Z
@B
tC da ¼ 0 ð58ÞMðBÞ ¼
Z
B
x bdv þ
Z
@B
x tC da ¼ 0 ð59ÞEqs. (58) and (59) are of particular relevance since, from the whole
set of external actions, they retain only the body forces b within B
and the Cauchy tractions tC on @B as the only external actions per-
taining to the bulk material considered isolated from the boundary
layer, indeed in the same way as for a classical Cauchy continuum.
The latter equations can be considered as a consequence of (27),
(28), (56) and (57). Balance equations similar to (56) and (57) were
provided by Wu (1992).
Although Eqs. (56) and (57) may be considered self-evident (for
any part of an equilibrated system has to be equilibrated too), a di-
rect proof of the latter equations will be given in Appendix A. Here
we want to point out the role played by the various stresses previ-
ously introduced for the equilibrium of a small element of bound-
ary layer considered isolated as the one of Fig. 2(c). This is
accomplished in next subsection.oundary layer; (b) A Cauchy tetrahedron close to the boundary surface; (c)
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In Fig. 3(a)–(c) a small element of boundary layer is decom-
posed into three idealized surface microstructures, say SB1 ; SB2
and SB3 , respectively associated with the DoFs attached to @B, i.e.
v; @nv; @2nnv. Every surface microstructure is a few inter-particle
spaces thick, say 2h. The three surface microstructures can be dis-
tinguished as follows:
(i) . First level surface microstructure ðSB1 Þ, endowed with
DoFs v (velocity) and subjected to the surface stress R,
which is in equilibrium under ordinary forces, Fig. 3(a).
The traction t combines with the negative Cauchy trac-
tion, n  T (coming from the bulk material), to give the
Gurtin–Murdoch traction tGM ¼ bS ¼ t n  T supported
by the boundary layer itself as a surface body force. The
surface stress R enters into the (two-dimensional) ﬁeld
equilibrium equations of SB1 and interacts with SB2 by
the traction n  R.
(ii) . Second level surface microstructure (SB2 ), endowed with
DoFs @nv and subjected to the surface stress Rð1Þ, which is
in equilibrium under double forces with lever arm in the
normal direction, Fig. 3(b). The double traction tð1Þ decom-
poses into a part equal to n  R (sustained by SB1 ) and a
part bð1ÞS ¼ tð1Þ  n  R supported by SB2 as a surface body
force. The surface stress Rð1Þ enters into the (two-dimen-
sional) ﬁeld equilibrium equations of SB2 and interacts
with SB3 by the traction n  Rð1Þ.(a)
(b)
(c)
Fig. 3. Schematics of a boundary layer element decomposed into three surface
microstructures: (a) First level surface microstructure SB1 under ordinary forces and
DoFs v; (b) Second level surface microstructure SB2 under dipole forces (with lever
arm in the normal direction) and DoFs @nv; (c) Third level surface microstructure
SB3 under quadrupole forces (with lever arms in the normal direction) and DoFs
@2nnv.(iii) . Third level surface microstructure (SB3 ), which is
endowed with DoFs @2nnv and is in equilibrium under
quadrupole forces with two lever arms, both in the nor-
mal direction, Fig. 3(c). The triple traction tð2Þ equilibrates
n  Rð1Þ, the action of SB2 on SB3 .
The above indicates that the concept of boundary surface
enclosing a Cauchy continuum, encountered within classical con-
tinuummechanics, has to be replaced – within the context of high-
er-grade materials – with the more complex concept of boundary
layer, which nevertheless also encloses a Cauchy continuum. In
this context, we can observe that the external actions over the
boundary surface of a second strain gradient material in general
consist of ordinary, double and triple tractions. In order to investi-
gate upon the effectiveness of the latter kind of tractions as bound-
ary actions, let the boundary layer SB be analyzed at the micro-
scale through the discrete model sketched in Fig. 4(a)–(d). This
model consists of a distribution of particle triplets, each of which
is displayed in the normal direction n to SB. The totality of these
particles constitutes a set of three discrete layers of global thick-
ness equal to a few inter-particle spaces, say 2h.
At this point, it is paramount to remark that the boundary layer
SB does not have a speciﬁc constitutive equation of its own, since
no energy is allowed to be stored within it. (Note: The surface en-
ergy envisioned by Polizzotto (2003) is not a strain power, since it
equals, with the present notation, to the quantity tGM  u.) The
boundary layer has to be considered as inﬁnitely rigid against any
change of conﬁguration that would not preserve the displacement
continuity between SB and the adjacent bulk material, but inﬁnitely
soft against any conﬁguration change that instead would preserve
this continuity. This implies that the deformation of SB is just
guided by the bulk material and that therefore – in contrast to con-
ventional discrete models of the literature – no spring like liga-
ments have to be inserted between two near particles. These in
fact move with velocities dictated by the bulk material, say
v0; v1; v2 for the outer, middle and third particles of a same par-
ticle triplet.
The ordinary traction t has as discrete counterpart an ordinary
force per unit area, say F, which can be considered as applied on
the outer particle of a particle triplet, as shown in Fig. 4(b). The dis-
crete power per unit area correspondingly produced is F  v0, which
becomes equal to t  v, the related continuum power density, at the
limit for h! 0, F! t and v0 ! v.
Analogously, the double traction tð1Þ has as discrete counterpart
two ordinary equal, but opposite, forces per unit area, say F0 and
F0, which can be considered as applied, respectively, at the outer
and middle particles of a same particle triplet, Fig. 4(c). The dis-
crete power per unit area correspondingly accomplished is
F0  ðv0  v1Þ ¼ ðhF0Þ  v0  v1h
	 

! tð1Þ  @nv ð60Þ
where the limit value on the right hand side is obtained for h! 0
and hF0 ! tð1Þ. The latter limit tð1Þ ¼ ftð1Þj g speciﬁes a double (or di-
pole) traction with the same direction of F0 and one lever arm in the
direction of the normal n, and works through the velocity normal
derivative @nv, equal to the analogous limit of ðv0  v1Þ=h. (See
Appendix B for the deﬁnitions of double and triple forces.)
Likewise, the triple traction tð2Þ has as discrete counterpart
four equal ordinary forces per unit area, say F00, of which two
can be considered as applied, respectively, at the outer and third
particles of a same particle triplet, whereas the other two forces,
but taken with opposite sense, are both applied on the middle
particle, as shown in Fig. 4(d). (Note: the relevant parallelogram
of a quadrupole force here degenerates into a linear segment of
length 2h, see Appendix B). The resultant discrete power per unit
area is
(a)
(b) (c) (d)
Fig. 4. Continuous and discrete models of the boundary layer: (a) Continuous macroscopic representation; (b)–(d) Discrete models of the surface microstructures with the
related forces.
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h2
 
! tð2Þ  @2nnv ð61Þ
where the limit on the right hand side is obtained for h! 0 and
h2F00 ! tð2Þ. The latter limit tð2Þ ¼ ftð2Þj g speciﬁes a triple (or quadru-
pole) traction with the same direction of F00 and two lever arms both
in the direction of the normal n, and works through the velocity sec-
ond normal derivative @2nnv, coinciding with the analogous limit of
ðv0 þ v2  2v1Þ=h2.
The above picture substantiates the ways in which the bound-
ary tractions do work for the formation of the external power in
(20). Analogous considerations may be developed for the edge line
rod and the corresponding contribution in (20), but for space rea-
sons this point is not further pursued here. All this makes it evident
that, within the mechanics of strain gradient materials, the tradi-
tional concept of a purely geometrical boundary surface S ¼ @B
has to be replaced with that of boundary layer.
Remark 1. It is worth noting that the boundary layer does not
constitute a true material surface in the sense of Gurtin and
Murdoch (1975, 1978) as no speciﬁc constitutive equation is
assigned to it (whereas the inherent inertia forces are incorpo-
rated into the surface body forces). It has also to be noted that,
whereas the latter quoted authors consider only ordinary forces
and disregard the surface curvature effects on the surface
equilibrium equations, here instead we take into account the
latter effects together with the higher order stresses and
tractions.7. Particularization to ﬁrst strain gradient models
It is worth reporting here the simpliﬁcations induced with the
passage from the second strain gradient model addressed in the
preceding sections to the ﬁrst strain gradient one previously trea-
ted by Polizzotto (2012). For this purpose, we have just to set
‘s2 ¼ 0 and disregard all terms with a factor of the form ðÞð2Þ, aswell as the double line traction fð1Þ and the corner point forces
Fc . This leads to the vanishing of rð2Þ, Rð1Þ; P; Uc , whereas, in ac-
cord to (Polizzotto, 2012), T and R become
T ¼ rr  rð1Þ; R ¼ n  rð1Þ ð62Þ
and the equilibrium Eqs. (50)–(53) reduce to
r  Tþ b ¼ 0 in B
ðrð?nÞ þ HnÞ  Rþ t n  T|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
bS
¼ 0 on @B
tð1Þ  n  R ¼ 0 on @B
9>>=
>>; ð63Þ
Also, Eqs. (27) and (28) transform into
RðBÞ ¼
Z
B
bdv þ
Z
@B
tdaþ
Z
CðBÞ
f ds ¼ 0
MðBÞ ¼
Z
B
x bdv þ
Z
@B
x tþ n tð1Þ daþ Z
CðBÞ
x f ds ¼ 0
ð64Þ
whereas Eqs. (56) and (57) can be written
RðSBÞ ¼
Z
@B
bS daþ
Z
CðBÞ
f ds ¼ 0
MðSBÞ ¼
Z
@B
x bS þ n tð1Þ
 
daþ
Z
CðBÞ
x f ds ¼ 0
ð65Þ
but instead Eqs. (58) and (59) remain unchanged.
Remark 2. On comparing (64) with Eqs. (27) and (28) of the
quoted paper (Polizzotto, 2012) (where the double traction tð1Þ is
denoted with the symbol m), we can observe that the compared
expressions coincide in all, except for the corner point forces Fc .
These in fact are correctly omitted by (64), but instead appear in
the counterpart equations given by Polizzotto (2012). The same
holds for (65) as compared with Eqs. (47) and (48) of the same
quoted paper. The reason why the corner point forces Fc were
introduced by Polizzotto (2012) stems from the author’s tacit will
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external actions under which the boundary layer SB ﬁnds itself in
(global) equilibrium. However, for a ﬁrst strain gradient material
model, these corner forces may exist only in the case of stress
singularities in the vicinity of the corner points. Therefore, as far as
the latter circumstance has to be excluded, all the terms related to
the corner point forces should be omitted throughout the quoted
paper (Polizzotto, 2012).8. Boundary-value problem and related variational principle
Let us consider a body of volume V and boundary surface
S ¼ @V , with an edge line C and corner points xc; ðc ¼ 1;
2; . . . ;NÞ, and let it be subjected to body forces b^ in V, to surface
tractions ðt^; t^ð1Þ; t^ð2ÞÞ on ST 
 S, to line tractions ðf^; f^ð1ÞÞ on C and
to point forces F^c; ðc ¼ 1;2; . . . ;NÞ on the corner points, all these
forces acting in a quasi-static manner. The body is restrained at
the points of Su ¼ S n ST by the constraints
u ¼ u^; @nu ¼ g^; @2nnu ¼ h^ on Su ð66Þ
The material is a second strain gradient material like the one de-
scribed in the preceding sections, it thus obeys the constitutive
Eqs. (12), (13) and (34), which are equivalent to:
T ¼ r ‘2s1Drþ ‘4s2DDr; r ¼ C : e ð67Þ
where C is given by (12). The material also obeys the equilibrium
Eqs. (50)–(53), (but B! V ; @B! ST , CðBÞ ! C;NðBÞ ! N), as well
as the compatibility condition e ¼ rsu in V and the displacement
constraints (66).
After some straightforward substitutions and transformations,
the totality of ﬁeld equations can be cast in the following form:
L u ‘2s1Duþ ‘4s2DDu
  ¼ b^ in V ð68Þ
where L denotes the differential operator of classical elasticity the-
ory, namely
LU ¼ lDUþ ðkþ lÞrr  U ð69Þ
U being any vector ﬁeld (Sokolnikoff, 1956). The solution to the lat-
ter set of differential equations with the accompanying boundary
conditions, if exists, is unique and is characterized by a minimum
condition of the related total potential energy, say XðuÞ. This is de-
ﬁned as follows:
XðuÞ : ¼
Z
V
wðe;re;rreÞdv 
Z
V
b^  udv

Z
ST
t^  uþ t^ð1Þ  @nuþ t^ð2Þ  @2nnu
 
da

Z
C
f^  uþ f^ð1Þ : rðLTÞu
	 

ds
XN
c¼1
F^c  uc ð70Þ
The validity of the latter minimum principle can be easily assessed
by the exploitation of the developments and notations of Sections 5
and 6. For this purpose, let u denote the/a solution of the boundary-
value problem outlined above, and let ~u denote any virtual variation
of conﬁguration from the one associated to u, satisfying the condi-
tions ~u ¼ @n~u ¼ @2nn~u ¼ 0 on Su, such that uþ ~u complies with the
constraints of (66).
Then, expanding Xðuþ ~uÞ by a Taylor series, we can write:
Xðuþ ~uÞ ¼ XðuÞ þ dXðuÞ þ 1
2
d2XðuÞ ð71Þ
where dXðuÞ is the ﬁrst variation of XðuÞ which remembering (17)
and (20), can be written as
dXðuÞ ¼ Lintð~u;VÞ  Lextð~u;VÞ ð72Þwhereas d2XðuÞ is the second variation of XðuÞ, i.e.
d2XðuÞ ¼
Z
V
d2wdv P 0 ð73Þ
Due to the positive deﬁniteness of w of (11)1, d
2XðuÞ proves to be
positive for any not identically vanishing ~u, but null if, and only
if, ~u  0. Therefore, if the reference ﬁeld u minimizes XðuÞ, then
dXðuÞ ¼ 0 and thus the PVP is satisﬁed, which implies that all the
ﬁeld and boundary equilibrium equations are satisﬁed correspond-
ingly. Conversely, if the reference ﬁeld u solves the governing equa-
tions and thus dXðuÞ ¼ 0, we have:
Xðuþ ~uÞ ¼ XðuÞ þ 1
2
d2XðuÞP XðuÞ 8~u ð74Þ
where the equality sign on the right side holds if, and only if, ~u  0,
which means that u minimizes X and constitutes the unique solu-
tion of the problem. The theorem is thus proved. QED
The latter theorem generalizes analogous theorems given by
Mindlin (1965) and Polizzotto (2003) to solids whose boundary
surface exhibits edge lines and corner points.
9. Application to a bar subjected to end tractions
Toupin et al. (1963) studied the so-called ‘‘puckering’’ effects
occurring close to the boundary surface of a crystal, whereby the
deformation pattern is the superposition of two distinct contribu-
tions; one reﬂects the overall deformation and is caused by the or-
dinary external traction, the other is conﬁned to a zone close to the
boundary surface and is caused by double and triple external trac-
tions. For this purpose, the latter authors used mono- and di-atom-
ic lattice models, that is, one (or two) string(s) of atoms with the
nearest and next to nearest particle interactions. Here we consider
a continuum equivalent of the latter discrete problem. For this pur-
pose, let us consider a bar 0 6 x 6 L of second strain gradient elas-
tic material like the one studied in the preceding sections. The
solving equilibrium equation in terms of displacement uðxÞ is read-
ily derived from (68), that is
u ‘2s1u00 þ ‘4s2u
0000 00 ¼ 0 ð75Þ
This admits the general solution
uðxÞ ¼ N1ex=c1 þ N2ex=c1 þ N3ex=c2 þ N4ex=c2 þ Axþ B ð76Þ
where we have set ‘2s1 ¼ c21 þ c22 and ‘4s2 ¼ c21c22 and
N1; N2; N3; N4; A; B are constants to be evaluated by the boundary
conditions. (For c1 ¼ c2 the general solution changes somewhat for-
mally, but we skip this point for brevity.) By (51) and noting that
only the stress components rxx ¼ r;Rxxx ¼ R and Rð1Þxxxx ¼ Rð1Þ are
meaningful here, the latter boundary conditions read:
u ¼ u0 ¼ u00 ¼ 0 at x ¼ 0
T ¼ t^; R ¼ t^ð1Þ; Rð1Þ ¼ t^ð2Þ at x ¼ L

ð77Þ
Note that H ¼ 0 and rðnÞ ¼ 0 in the present case, whereas
r ¼ Eu0; rð1Þ ¼ ‘2s1Eu00, rð2Þ ¼ ‘4s2Eu000, where E ¼ Young modulus.
Skipping the (straightforward) computational details for brevity,
the displacement response can be cast in the form
uðxÞ ¼ t^
E
u0ðxÞ þ l1u1ðxÞ þ l2u2ðxÞ
  ð78Þ
where l1 :¼ t^ð1Þ=ðt^LÞ and l2 :¼ t^ð2Þ=ð^tL2Þ. In the above, u0ðxÞ, u1ðxÞ
and u2ðxÞ denote the displacement proﬁles caused by unit external
tractions, that is, t^=E ¼ 1; t^ð1Þ ¼ t^ð2Þ ¼ 0 for u0ðxÞ; t^ð1Þ=ðELÞ ¼
1; t^ ¼ t^ð2Þ ¼ 0 for u1ðxÞ; and t^ð2Þ=ðEL2Þ ¼ 1; t^ ¼ t^ð1Þ ¼ 0 for u2ðxÞ.
The latter displacement proﬁles are plotted in Fig. 5 by the dashed
(u0), dot-dashed (u1) and dotted (u2) lines. It can be seen that,
whereas u0 (caused by the ordinary traction) is distributed all over
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respectively) prove to be meaningful only within a portion of the
bar close to the free end. When the three types of external tractions
act altogether, with say t^=E ¼ 1; l1 ¼ 2:5; l2 ¼ 0:25, the displace-
ment response uðxÞ, given by (78), is as in the solid line plot of
Fig. 5. Indeed, the puckering effect proves to be smeared throughout
a wider region near the free end, meaning that the bulk material
and the boundary layer do co-operate with each other in determin-
ing the actual response to the loads.
10. Summary and conclusions
In this Part I paper, a class of second strain gradient elastic
materials has been addressed and the inherent surface effects have
been assessed. The results herein achieved are summarized as in
the following
	 A homogenization procedure has been applied to an
(unbounded) distribution of geometrically equal cell ele-
ments in combination with the internal energy balance
principle, or the parallel inertial energy balance principle.
By this, the constitutive forms of the free energy and,
respectively, of the kinetic energy have been obtained
for the inherent equivalent continuum, which exhibits
the features of a second strain gradient elastic material
with second velocity gradient inertia. The constitutive
equations of a related set of generalized (ordinary, double
and triple) stresses and momenta have been obtained in
this way.
	 A wider multi-cell homogenization procedure with four
geometrically different types of cell elements has been
used in combination with the principle of the virtual
power (PVP) enforced for the cell system. This made it
possible taking into account macroscopically the surface
effects, i.e. the effects produced by the presence of a
boundary surface (with its singularities as edge lines
and corner points) on the behavior of the near material
particles, which in fact coalesce to form up a mem-
brane-like boundary layer with speciﬁc mechanical (and
inertial) characteristics. In particular, the above PVP has
transformed itself into a macro-scale one having the typ-u L
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Fig. 5. Bar of second strain gradient elastic material ﬁxed at x ¼ 0 under
generalized tractions t^; t^ð1Þ; t^ð2Þ at the free end x ¼ L. Adimensionalized displace-
ments due to a single adimensionalized traction, i.e. t^=E ¼ 1 (dashed line),
t^ð1Þ=ðELÞ ¼ 1 (dot-dashed line), t^ð2Þ=ðEL2Þ ¼ 1 (dotted line), respectively, and to a
combinations ð1;2:5;0:25Þ of traction values (solid line). The effects due to higher
order tractions are conﬁned within a zone close to the loaded end of the bar
(puckering effect, after Toupin et al., 1963).ical format as for a second strain gradient material model,
known from the literature (Mindlin, 1965; Germain,
1973).
	 The exploitation of the latter (macro-scale) PVP has led to
the well-known ﬁeld and boundary equilibrium equations
of second strain gradient solids with edge line and corner
points (Mindlin, 1965; Germain, 1973; Gurtin, 2001). A
suitable re-interpretation of the latter equations has per-
mitted us to specify the (mechanical) surface effects as in
the following:
(1) A second strain gradient elastic material can be conceived as
the combination of two subsystems, that is, the bulk mate-
rial operating as a Cauchy continuum, and the boundary
surface operating as a membrane-like boundary layer, each
subsystem being in global and local equilibrium.
(2) The (ordinary) boundary traction decomposes (in unknown
proportions) into the sum of two parts, i.e. the Cauchy trac-
tion supported by the bulk material, and the Gurtin–Mur-
doch traction which, together with all other external
boundary actions, is supported by the boundary layer.
(3) The boundary layer incorporates three levels of mutually
interacting surface microstructures. Local equilibrium
equations hold for these surface microstructures, which
obey the principles of surface mechanics (Gurtin and Mur-
doch, 1975, 1978) and in addition take into account the
surface curvature effects. The boundary layer constitutes
a structured two-dimensional manifold that substitutes
the classical purely geometrical concept of boundary
surface.Acknowledgment
The author thanks his colleague Professor Guido Borino for the
fruitful discussions on the topics of the present paper.Appendix A. Global equilibrium equations of the boundary layer
In this Appendix, the global equilibrium Eqs. (56) and (57) are
proved. This task can be easily fulﬁlled by considering the internal
and external virtual powers (17) and (20) and by deﬁning the fol-
lowing quantities:
Ltotð~v;BÞ :¼ Lintð~v;BÞ 
Z
B
b  ~vdv 
Z
@B
tC  ~vda ðA:1Þ
Ltotð~v0;SBÞ :¼
Z
@B
bS  ~v0 þ tð1Þ  @n~v0 þ tð2Þ  @2nn~v0
 
da
þ
Z
CðBÞ
f  ~v0 þ fð1Þ : rð?sÞ~v0
	 

dsþ
XNðBÞ
c¼1
Fc  ~v0c ðA:2Þ
Here above, ~v0 denotes virtual velocities over @B and the equality
t ¼ tC þ bS has been used. Then, the PVP (24) can be enforced by
the equality
Ltotð~v;BÞ ¼ Ltotð~v0;SBÞ ðA:3Þ
which has to be satisﬁed identically for any choice of B, as well as of
the ﬁelds ~v and ~v0 complying with the following compatibility
conditions:
~e ¼ eð~vÞ ¼ rs~v; ~eð1Þ ¼ reð~vÞ; ~eð2Þ ¼ rreð~vÞ in B ðA:4Þ
~v0 ¼ ~v on @B ðA:5Þ
If the variational procedure is fully pursued, at the end the same lo-
cal equilibrium Eqs. (50)–(53) would be obtained. Here instead we
(a) (b)
Fig. B.1. Components hð1Þ212 ¼ hð1Þ122 of the ﬁrst distortion gradient: (a) Fibers of
direction x1 rotate anticlockwise of an amount increasing with x2; (b) Fibers of
direction x2 elongate of an amount increasing with x1.
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rately for the two members. For this purpose, let us relax (A.5) and
choose ~v and ~v0 as follows:
~vðx; tÞ ¼ cðtÞ þ x /ðtÞ 8x 2 B
~v0ðx; tÞ ¼ cðtÞ þ x /ðtÞ 8x 2 @B

ðA:6Þ
where the simply and doubly starred vectors denote free indepen-
dent rigid-body translations and rotations of B and SB, respectively.
Then, skipping the mathematical details for brevity, by (A.6)1 we
can obtain Eqs. (58) and (59), whereas by (A.6)2 we get the equilib-
rium equations (56) and (57). QED
Appendix B. Double and triple stresses and related issues
Double and triple stresses are, together with the related higher
order strains, indispensable analytical tools necessary to describe
the intricate mechanics of higher order strain gradient materials.
Although explanations on this issue can be found in the literature,
(see e.g. Mindlin, 1964, 1965; Love, 1927; Jaunzemis, 1967; Lazar
et al., 2006; Gronwald and Hehl, 1993), we believe that some fur-
ther explanations, particularly regarding the extra indexes indicat-
ing the direction of the lever arm(s) of double and triple stresses
would be most useful.
B.1. Higher order deformation states
Within a continuum being in a state of deformation, a distortion
component, say hij :¼ @iuj, can be thought of to specify a homoge-
neous deformation state of a material element, or particle, whereby
the linear ﬁbers of direction i undergo relative displacements in
direction j (consisting in a rotation @ui=@xj if i– j, but a constant
dilatation eii (no sum on i) if i ¼ j). Similarly, a ﬁrst distortion gra-
dient component, say hð1Þkij :¼ @k@ iuj, speciﬁes a linearly varying
deformation state of the particle, whereby the extra index k indi-
cates the gradient direction, i.e. the direction along which the var-
iation occurs. However, due to the symmetry of the index pair ðk; iÞ,
the roles of the latter indices are interchangeable. This implies that
the distortion gradients hð1Þkij and h
ð1Þ
ikj are equal to each other, i.e.
hð1Þkij ¼ hð1Þikj . Physically, this means that the distortion gradient com-
ponents hð1Þkij and h
ð1Þ
ikj specify a same deformation state of the mate-
rial, which can thus be considered as the result of either a
distortion hij linearly variable in the direction k, or a distortion
hkj linearly variable in the direction i. For instance, in Fig. B.1(a)
and (b) a deformation state described by hð1Þ212 ¼ hð1Þ122 is considered
as the result of: in Fig. B.1(a), distortion h12 linearly variable with
x2; in Fig. B.1(b), a strain h22 linearly variable with x1.
Analogously, a second distortion gradient component, say
hð2Þklij ¼ @k@l@iuj, speciﬁes a bi-linearly varying deformation state of
the particle, whereby the extra index pair ðk; lÞ denotes the distor-
tion gradient directions, i.e. the two directions along which the
deformation variations occur (but the variation will be quadratic
if k ¼ l). However, like for hð1Þkij , the index i can be interchanged, as
for its speciﬁc role, either with k, or with l. This means that the
three distortion gradient components hð2Þklij; h
ð2Þ
ilkj and h
ð2Þ
kilj specify a
same deformation state.
The ﬁrst and second strain gradients are obtained combining
the ﬁrst and second distortion gradients, respectively. For instance,
eð1Þ212 ¼ hð1Þ2ð12Þ :¼ ðhð1Þ212 þ hð1Þ221Þ=2 can be obtained combining hð1Þ212 and
hð1Þ221, as shown in Fig. B.2(a)–(c).
B.2. Dipole and quadrupole forces and higher order stress states
A double force can be obtained by considering two equal, but
opposite, ordinary forces, say F ¼ mf of direction f and amplitude
m > 0, applied at two points located at a distance c from each otheralong a straight line of direction, say, k, Fig. B.3(a). The (ﬁnite) limit
of the product cm! mð1Þ for c ! 0 and m!1 (while both f and k
remain ﬁxed) speciﬁes a double (or dipole) force with direction f
and lever arm in the direction k (Love, 1927). The double force pos-
sesses a moment whenever the lever arm is not parallel to the
force, otherwise it is without moment. Couples are double forces
with moments.
Analogously, a triple force can be generated by considering four
ordinary equal forces, say F ¼ mf, every two of them being oppo-
site to the others. The forces are respectively applied at the corners
of a parallelogram of sides c1; c2 and directions k1; k2, as shown in
Fig. B.3(b). The (ﬁnite) limit of the product c1c2m! mð2Þ as
ðc1; c2Þ ! 0 and m!1, (while f, k1 and k2 remain ﬁxed), consti-
tutes a triple (or quadrupole) force of direction f and lever arms
in the directions k1; k2. Every such force is self-equilibrated.
Double stresses are like double forces, but the force is distrib-
uted over a unit plane area. With reference to Cartesian orthogonal
axes xi; ði ¼ 1;2;3Þ, a typical notation for a double stress is, say,
rð1Þkij , which is here assumed to represent a double force of direction
j, acting on a plane of normal i and having one lever arm in the
direction k. The double stress rð1Þkij is deﬁned as the (ﬁnite) limit
of the product ckrij, (where ck is the length of a line segment of
direction k), when ck ! 0 and rij !1, while the directions k; i; j re-
main ﬁxed.
In Fig. B.4(a), the double stresses rð1Þ112 and r
ð1Þ
121 are schematically
shown aside the faces of the material element on which they act. In
this concern one has to be aware about the fact that the boundary
surface of a strain gradient material element has to be conceived
not as a sharply polished surface, but instead as a thin layer com-
posed of a few particle surface networks. In this way, the lever arm
of a double stress can ﬁnd itself either lying, say, on the outer net-
work, or to cross all networks orthogonally, as shown in Fig. B.4(b).
The stresses rð1Þ112 and r
ð1Þ
121 turn out to be different physically, but
equal numerically, since lim ðc1r12Þ ¼ lim ðc1r21Þ as c1 ! 0 and
r12 ¼ r21 !1.
The above reminds the concept of primary and secondary
planes introduced by Askes and Metrikine (2005), by which these
authors interpret physically the relation between the higher order
stresses and their divergence-form contributions to the total stress
as balance equations at the microscale. In the present paper, in-
stead, the higher order stresses themselves with the inherent lever
arm(s) are physically interpreted as force systems which at the
microscale are distributed within a thin boundary layer.
As mentioned before in Section 4.1, an important feature of the
double stress rð1Þkij is that the ﬁrst two indexes, k and i, can be indif-
ferently interpreted either with our own rule (according to which k
gives the lever arm direction, i the normal to the plane on which
the force of direction j acts), or with the Mindlin rule (whereby
the roles of these two indices interchange). For more clarity, the
(a) (b) (c)
Fig. B.2. First strain gradient eð1Þ212: (a) The distortion gradient h12 varying linearly with x2 generates h
ð1Þ
212; (b) The distortion gradient h21 varying linearly with x2 generates h
ð1Þ
221;
(c) The shear strain e12 ¼ hð12Þ ¼ ðh12 þ h12Þ=2 varying linearly with x2 generates eð1Þ212 ¼ hð1Þ2ð12Þ .
(a)
(b)
Fig. B.3. Generation of double (or dipole) forces Fð1Þ and triple (or quadrupole)
forces Fð2Þ: (a) A double force Fð1Þ ¼ mð1Þf is generated as c ! 0 m!1 and
cm! mð1Þ; (b) A triple force Fð2Þ ¼ mð2Þf is generated as ðc1; c2Þ ! 0; m!1 and
c1c2m! mð2Þ .
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arm direction is underlined, such that the double stress component
rð1Þkij reads r
ð1Þ
kij after our own rule, r
ð1Þ
kij after the Mindlin rule, (but
the former rule holds whenever the underline sign is lacking).
The latter two components (herein referred to as complementary
of each other) constitute two physically different entities, since
in fact rð1Þkij coincides with r
ð1Þ
ikj , but are however numerically equal
to each other. This is proved hereafter.(a) (b)
Fig. B.4. Double stress components rð1Þ112 and r
ð1Þ
121 with their macroscopic repre-
sentation in (a) and their microscopic interpretation in (b).For this purpose, let us consider the stress power
Wð1Þ ¼ rð1Þkij eð1Þkij ¼ rð1Þkij hð1Þkij ¼ rð1Þkij @k@iuj ðB:1Þ
where the symmetry of rð1Þkij with respect to ði; jÞ has been exploited
to replace eð1Þkij (symmetric with respect to these indexes) with the
non-symmetric hð1Þkij . With a change of the index names, we can re-
write (B.1) as
Wð1Þ ¼ rð1Þikj eð1Þikj ¼ rð1Þikj hð1Þikj ¼ rð1Þikj @i@kuj ðB:2Þ
On subtracting (B.1) and (B.2) from each other, we have
ðrð1Þkij  rð1Þikj Þ@k@ iuj ¼ 0 ðB:3Þ
which, having to hold for arbitrary second partial derivatives of uj,
gives
rð1Þkij ¼ rð1Þikj ; 8ði; j; kÞ 2 ð1;2;3Þ ðB:4Þ
Since rð1Þikj ¼ rð1Þkij , (B.4) is equivalent to
rð1Þkij ¼ rð1Þkij ; 8ði; j; kÞ 2 ð1;2;3Þ ðB:5Þ
The latter result is illustrated in Fig. B.5(a) and (b), where a material
element exhibits strain gradient deformations eð1Þ121 and e
ð1Þ
211, respec-
tively, and is subjected to the respective work-conjugate double
stresses, i.e. rð1Þ121 and r
ð1Þ
211. Although the element suffers, in the
two deformation cases, different microstructural deformation
mechanisms —either shear strain e21 varying linearly along the x1
direction in Fig. B.5(a), or normal strain e11 varying linearly along
x2 in Fig. B.5(a), – there results ultimately a unique deformation pat-
tern measured either by eð1Þ121, or e
ð1Þ
211, which are accompanied by the
work-conjugate double stresses rð1Þ121 ¼ rð1Þ211. This result was previ-
ously derived by Askes and Metrikine (2005) by means of a discrete
model.
Extensions to triple stresses are straightforward. Indeed, the
stress components rð2Þklij have each two possible interpretations,
one is based on our own rule (whereby the ﬁrst two indexes ðk; lÞ
denote the extra index pair specifying the directions of the relevant
lever arms, whereas i denotes the normal to the plane on which the
force of direction j acts), another is based on Mindlin rule (whereby
the second and third indexes ðl; iÞ denote lever arms, whereas k de-
notes the normal to the plane on which the mentioned force acts).
An equality like (B.5) holds, i.e.
rð2Þklij ¼ rð2Þklij ¼ rð2Þklij ðB:6Þ
This implies that rð2Þklij is fully symmetric with respect to the three in-
dexes ðk; l; iÞ and that the number of its independent components
reduces from 6 6 ¼ 36 to 10 3 ¼ 30.
In conclusion of the latter discussion we can state the following
statement on the complementary components of the higher order
stresses, (that is, components which differ from each other by
(a) (b)
Fig. B.5. Complementary double stresses rð1Þ121; r
ð1Þ
211 and related work-conjugate
strain gradient components: (a) eð1Þ121 (a shear strain e21 varying linearly with x1); (b)
eð1Þ211 (a strain e11 varying linearly with x2). Since e
ð1Þ
121 ¼ eð1Þ211, at parity of stress power,
it is rð1Þ121 ¼ rð1Þ211.
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the index denoting the normal to the plane on which the stress
acts), namely: Every two complementary components of the higher
order stresses are numerically equal to each other.
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